I present the calculation of the QCD short distance coefficient η3 of the |∆S| = 2-hamiltonian in the next-toleading order (NLO) of renormalization group improved perturbation theory. It involves the two-loop mixing of bilocal structures composed of two |∆S| = 1 operators into |∆S| = 2 operators. The next-to-leading order corrections enhance η3 by 27% to η3 = 0.47
Introduction
The effective low-energy hamiltonian inducing the |∆S| = 2-transition reads:
in the MS scheme. In writing (1) the GIM mechanism λ u + λ c + λ t = 0 has been used to eliminate λ u . Further we have set * e-mail: herrl@feynman.t30.physik.tu-muenchen.de m u = 0. The Inami-Lim functions S(x), S(x, y) describe the |∆S| = 2-transition amplitude in the absence of QCD. They read:
S(x t ) = x t 1 4 + 9 4 1 1 − x t − 3 2 1 (1 − x t ) 2 − 3 2
S(x c ) = x c + O(x 2 c ), (3b) S(x c , x t ) = −x c ln x c + x c F (x t ) +O(x 2 c ln x c ), (3c) with F (x t ) = x 2 t − 8x t + 4 4(1 − x t ) 2 ln x t + 3 4
x t x t − 1 .
In (3b) and (3c) we have only kept terms which are larger than those of order (m s m c )/M Table 1 summarizes the logarithms summed by the forthcoming renormalization group (RG) evolution from M W down to m c in the different orders. Table 1 Logarithms summed by the RG evolution from M W down to m c for the three terms in (1) , n = 0, 1, 2, . . . The last line shows the order in which the dependence on m t enters. Here we will shortly describe how the large logarithm ln x c present in (3c) is summed to all orders in perturbation theory. This is done in two steps: First one sets up an effective lagrangian L 
Here the V CKM denote products of CKM elements. The Q k , Q l represent local |∆S| = 1 and |∆S| = 2 operators and the C k , C l are the corresponding Wilson coefficient functions. The |∆S| = 1 part of (5) contributes to |∆S| = 2 transitions via diagrams of the type displayed in Fig. 1 . The Wil- Figure 1 . The diagrams D 0 and P 0 in the effective five-and four-quark theory. The light crosses denote insertions of local |∆S| = 1 current-current operators, the grey ones insertion of local |∆S| = 1 four-quark penguin operators.
son coefficients are fixed at a factorization scale µ tW = O(M W , m t ) by the requirement that the |∆S| = 1 and |∆S| = 2 Green's functions derived from (5) are equal to the same quantities calculated with the full SM lagrangian. The effect of this procedure is that the ln x c present in (3c) is split as ln(µ tW /M W ) + ln(m c /µ tW ). Here the former term resides in the Wilson coefficients while the latter is contained in the matrix elements of the local operators. The choice µ tW = O(M W , m t ) ensures that the Wilson coefficients do not contain large logarithms and therefore can be reliably calculated in ordinary perturbation theory.
The second step is the RG evolution of the Wilson coefficients from the scale µ tW down to µ c = O(m c ) which sums ln(µ c /µ tW ).
1)

The Operator Basis
Let us now construct L |∆S|=2 eff in (5) as far it is needed for the calculation of η 3 . Since the presence of |∆S| = 2 terms in (5) does not affect the |∆S| = 1 part of L |∆S|=2 eff , we can simply take the latter from [5] [6] [7] . They consist of the following set of operators:
Here the Q 
which follows from power counting and the absence of any non-zero mass parameter apart from m c . The inverse powers of g are introduced for later convenience as in [1] . One may arbitrarily shift such factors from the Wilson coefficient into the definition of the operator. The factor µ −2ε
stems from g bare = Z g gµ ε and the fact that
must be independent of µ.
2) Any other dimensioneight |∆S| = 2 operator contains one or two powers of m c less than Q 7 and derivatives and/or gluon fields instead. Their on-shell matrix elements are suppressed by powers of m s /m c with respect to those of Q 7 , so that they do not contribute to the coefficient of the leading dimension-six operator below the charm threshold (cf. (1)). Likewise they cannot mix with Q 7 under renormalization.
Therefore our operator basis consists of Q kl 1,2 ,
2) Here and in the following the superscript "bare" denotes unrenormalized operators, while renormalized ones do not carry an additional superscript.
Q 3,...,6 and Q 7 3) and L |∆S|=2 eff is found as:
+counterterms proportional to unphysical operators.
(12)
3) In addition to these physical operators we have to take into account several evanescent operators. This class of operators appears quite naturally when one has to deal with the renormalization of operators containing more than one fermion line in dimensional regularization [5, 8, 9] . To illustrate some of the findings of [9] we have defined the evanescent operators with some arbitrary coefficients a 1 , a 2 , a 1 , b 1 :
with the color factors
Apart from places where it is indicated we will always state the results corresponding to
in order to comply with the standard choice used in [2, 3, [5] [6] [7] . Since NLO anomalous dimensions and matching corrections of physical operators do not depend onb 1 , we do not give a numerical value. Likewise we do not need the value of the colour factor K 22 .
The Effective Lagrangian L
|∆S|=2 eff at the Scale µ tW Besides the operators we need to know their corresponding Wilson coefficient functions at the initial scale µ tW . The ones for the |∆S| = 1 case, C i , i = 1, . . . , 6 can be taken from [5] [6] [7] . It is important to note that only C 2 starts at O(α 0 s ), the others at O(α 1 s ). This means that the NLO matching can be done solely with the diagram D 0 of Fig. 1 with two insertions of Q 2 . One easily finds
where F (x t ) is the top dependent part of S(x c , x t ) defined in (4) . The factor α s originates from the special definition of Q 7 in (7). Note how the large logarithm ln x c in (3c) is split between the Wilson coefficient C 7 and the matrix element. The NLO result in (13) is specific to the NDR scheme with (11).
4)
Evolving down L
|∆S|=2 eff from µ tW to µ c Next we have to evolve down the Wilson coefficients present in L |∆S|=2 eff (12) from µ tW to µ c . For the |∆S| = 1 functions C i , i = 1, . . . , 6 this is achieved by standard methods [6] . To calculate the running of the |∆S| = 2 coefficient C 7 we need to derive and solve the corresponding RG equa-
with the anomalous dimension tensor
kn,7 + . . .
4)
The Wilson coefficient C 7 depends on a 1 :
5) "Anomalous dimension tensor" is clearly a misnomer and only used to distinguish γ kn,7 from ordinary anomalous dimension (square) matrices.
It is possible to solve the inhomogeneous equation (14) directly but this turns out to be inconvenient for practical purposes. Instead we may combine the evolution equations of the |∆S| = 1 and |∆S| = 2 Wilson coefficients into a single matrix equation. This is made possible because the GIM mechanism ensures that at least one of the two |∆S| = 1 operator insertions in diagrams like the ones displayed in Fig. 1 is of the current-current type. The current-current part of the |∆S| = 1 mixing matrix, i.e. the entries related to Q 1 , Q 2 , can be diagonalized exactly using the basis
Then (14) together with the RG equation of the |∆S| = 1 Wilson coefficients splits into two independent inhomogeneous RG equations
Here the decomposition of C 7 (µ tW ) into C ± 7 (µ tW ) is completely arbitrary provided one satisfies
(18) This decomposition is then automatically preserved at any renormalization scale.
Each of the two equations in (17) may be written as a 7×7 matrix equation, which may be solved by standard methods. We can even do better and collapse the two resulting 7×7 matrix equations into one 8×8 matrix equation:
with
We now need to know the elements of the anomalous dimension tensor γ ±i,7 , i = 1, . . . , 6. They are obtained from the renormalization constants using the definition in (15) and expanding the quantities in there in powers of α s and 1/ε. Here it is important to include the finite renormalization terms needed for the correct treatment of the evanescent operators (9) . To calculate the LO term γ (0) ±i,7 one needs to know the 1/ε parts of the one-loop diagrams displayed in Fig. 1 , the NLO part γ (1) ±i,7 requires the evaluation of a set of two-loop graphs. We find:
As usual the NLO anomalous dimension tensor depends on the renormalization scheme. The result (21b) corresponds to the NDR scheme with the definition of the evanescent operators corresponding to (11).
6)
3. The NLO calculation of η 3 below the charm threshold Therefore the new effective lagrangian to describe the physics below µ c reads:
This lagrangian already resembles −H |∆S|=2 introduced in (1) . For the matching we have to set the Green's function derived from (12) and the one derived from (23) equal at the scale µ = µ c .
Let us start with the matching of C 7 in the LO: since the definition of Q 7 (7) contains the factor α s with respect toQ S2 we develop an explicit inverse power of α s for the Wilson coefficient: 
The coefficients r ij,S2 (µ c ) in (25) are given by the finite parts of the diagrams in Fig. 1 . We find:
where the τ ij 's denote the colour factors
Note that r ij,S2 for j = 1, 2 depends on the definition of the evanescent operator
. As usual (26) only holds in the NDR scheme.
Evolving L
|∆S|=2 eff below µ c The RG running in the effective three quark theory is particularly simple because there is only one operator left:Q S2 . The running of the corresponding Wilson coefficient function C (ct) S2 can be taken from [5, 2] . η 3 can then be determined from the identification 
Numerical Results
Let us now discuss the numerical implications of the calculation presented in the preceding sections. We will present the dependence of η 
In the following Λ QCD is always understood to be defined with respect to four active flavours, the corresponding quantities in effective three-and five flavour-theories are obtained by imposing continuity on the coupling α s at µ c and µ b .
7)
The value for η ⋆ 3 corresponding to the set (29) reads:
Hence the NLO calculation has enhanced η It turns out that the dependence of η ⋆ 3 on µ b is extremely mild. This is due to the fact that no diagrams containing internal bottom quarks contribute to the |∆S| = 2 process in order α s . The only places where µ b enters are a) the running of α s , b) the NLO matching matrices and anomalous dimensions of the |∆S| = 1 penguin operators. Numerically one finds that η with respect to µ tW , which is displayed in Fig. 2 .
Since at µ tW the top quark and the W-boson are integrated out simultaneously, it is natural to choose the interval M W ≤ µ tW ≤ m t for the analysis. In the LO result for η ⋆ 3 we find a sizeable scale dependence of 12%. It is almost totally removed in the NLO, where we obtain a variation of less than 3% in this interval. This shows that it is very accurate to integrate out the two heavy particles simultaneously. The strong improvement in the NLO is due to the smallness of ln x t .
The situation is not so nice in the case of the variation of µ c , which is displayed in Fig. 3 . We have intentionally extended the range for µ c to the unphysical low value of 0.7 GeV to visualize the breakdown of perturbation theory. Varying µ c within the interval 1.1 GeV ≤ µ c ≤ 1.6 GeV yields 0.33 ≤ η pendence from 20% to 14%. One reason for the poor improvement is the fact that the NLO running of the mass is stronger than the LO one.
Dependence of η
⋆ ⋆ 3 on Λ QCD , which is plotted in Fig. 5 . It also turns out to be very moderate. 
Conclusions
We have calculated the QCD short distance coefficient η 
The coefficient is scheme independent except that it depends on the definition of the quark masses in H |∆S|=2 . The result in (32) corresponds to MSmasses m c (m c ) and m t (m t ) as indicated by the superscript "⋆".
The result has passed several checks:
i) The NLO anomalous dimension tensor γ ±j,7 (21b) has been found independent of the infrared structure of the two-loop diagrams.
ii) We have kept the gluon gauge parameter ξ arbitrary. It has vanished from γ ±j,7 after adding the contributions of the diagrams with their correct combinatorial weight. iii) ln(m c /µ)/ε-terms have disappeared from the sum of two-loop diagrams and counterterm diagrams.
iv) The dependences of the final result for η vi) The initial condition for C 7 in (13) as well as the anomalous dimension tensor γ ±j,7 in (21b) depend on the definition of the evanescent operators (9) . We have checked that this dependence is in accordance with the theorems of [9] , so that the final result is independent of the choice of the evanescent operators.
